Abstract. Let p > 3 be a prime and a, b ∈ Z. In the paper we mainly determine the number V p (x 4 + ax 2 + bx) of incongruent residues of x 4 + ax 2 + bx (x ∈ Z) modulo p and reveal the connections with elliptic curves over the field F p of p elements.
Introduction.
Let Z be the set of integers. For a positive integer m and given polynomial f (x) with integral coefficients, denote the number of incongruent residues of f (x)(x ∈ Z) modulo m by V m (f (x)). That is, V m (f (x)) = c c ∈ {0, 1, . . . , m − 1}, f (x) ≡ c (mod m) is solvable .
Let p > 3 be a prime, a 1 , a 2 , a 3 ∈ Z, and let ( This result was rediscovered by the author ([Su1, Theorem 4.3] ). See also [K] and [MW1] . In the paper we give a general result for V m (x 3 + a 1 x 2 + a 2 x + a 3 ), where m is a positive integer. (1) if p a and p | b,
For a general estimate for V p (f (x)) one may consult [BSD] . . From [Sk, Leo] and [Su3, Theorem 5 .8] we have the following basic result for quartic congruences.
(1.5) Let p > 3 be a prime, a, b, c ∈ Z and p bD (a, b, c) . Then the congruence 
(1.9) If p ≡ 1 (mod 12) and 
(1.12) If p ≡ 7 (mod 120), then
(1.13) If p ≡ 5 (mod 12), then
(1.14) If p ≡ 5 (mod 12) and p = c 
1.
Observe that
We see that
From [BEW, p. 58] we know that
and hence
Now combining the above we obtain On the other hand,
So we have y 2y a, b, p) . (a, b, c) . We assert that p (a 
(mod p) we see that
Thus, if c ∈ C, then the congruence 2y (a, b, c) by the above. Thus c ∈ C. Now it is clear that there is a one-to-one correspondence between C and the set S = {y | 2y 
Proof. For a polynomial f (x) with integral coefficients we let N p (f (x)) denote the number of solutions of the congruence f (x) ≡ 0 (mod p). Let R p = {0, 1, . . . , b, p) denote the number of c ∈ R p such that
Thus,
(mod p) by Vieta's theorem. This implies that
where
Thus, by (2.2) we have
Suppose x 1 ∈ R p and (
From this it's easy to see that
Thus, noting that x∈R p x p = 0 we obtain 
On the other hand, observing that x(x + 1)
Now putting all the above together with Theorem 2.2 yields the result. 
Proof. This is immediate from Theorem 2.3. For any prime p > 3 let F p be the field consisting of residue classes modulo p, and let #E p (x 3 −Ax−B) be the number of points on the elliptic curve E p : y
Corollary 2.2. Let p > 3 be a prime, and k ∈ Z with p k. Then
where δ(k, p) is given by (2.4).
Proof. Let f (x) be a polynomial with integral coefficients, and N p (y 2 = f (x)) denote the number of solutions (x, y) of the congruence y 2 ≡ f (x) (mod p). It is easily seen that
Thus for A, B ∈ Z we have
Now putting a = 2k and b = 4k 2 in Theorem 2.3 and then applying the above we obtain the result. Remark 2.1 Let p > 3 be a prime, k ∈ Z and p k. By (2.5) we have
From Corollary 2.2 we have Corollary 2.3. Let p > 3 be a prime, and k ∈ Z with p k. Then
Proof. From Corollary 2.2 we see that
So the corollary is proved. Conjecture 2.1. Let p > 3 be a prime, and k ∈ Z with p k(27k + 4). Then
Theorem 2.4. Let p > 3 be a prime. If a, b ∈ Z, p ab and 8a
27 (mod p). Then clearly
From this and (2.4) we see that
On the other hand, setting x = 4 9 y we find Thus,
Now applying the above and Theorem 2.3 we get
This proves the theorem.
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Corollary 2.4. Let p > 3 be a prime. Then
Proof. Putting a = −6 and b = 8 in Theorem 2.4 we get the result.
Theorem 2.5. Let p > 3 be a prime, and a, b ∈ Z with p b. Then
) (mod p) and then using Theorem 2.3 we see that
By Weil's estimate ([BEW, p.183]) we have
As 0 ≤ δ(k, p) ≤ 3, applying the above we obtain
+ bx). It follows from Theorem 2.2 that
we see that
Thus, using Weil's estimate we also get
This yields the result and hence the proof is complete.
Theorem 2.6. Let p ≡ 2 (mod 3) be an odd prime, b ∈ Z and p b. Then
Proof. Let
Since p ≡ 2 (mod 3) we know that the congruence x 3 ≡ t (mod p) has one and only one solution for any given integer t. So we have
Hence, by (2.6) we have
This completes the proof.
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Theorem 2.7. Let p ≡ 1 (mod 3) be a prime,
if 2b is a cubic residue (mod p),
(ii) If p ≡ 7 (mod 12), then
Proof. Let a ∈ Z be such that p a. The cubic Jacobsthal sums φ 3 (a) and ψ 3 (a) are defined by
It is clear that
From [BEW, Theorem 6.2.10, we have
(2.9)
Observe that (4b
(mod p). From (2.6) and the above we deduce that [IR, p. 119] ). Thus
If 2 is a cubic nonresidue of p, then 3 AB and 2 LM . Thus we may choose the signs of A, B, L and M such that [IR, p. 137] (
Now it is easy to check that
Remark 2.2 Suppose that p ≡ 1 (mod 3) is a prime and p = A 
Thus, if p ≡ 2, 3 (mod 5), then (
It is well known that p = s 2 + 5t 2 for some s, t ∈ Z. From [Br] or [Su4, Remark 6 .1] we know that
.
, we see that Now combining the above with Theorem 2.3 and (2.5) we obtain
This yields the result. Remark 2.3 If p > 3 is a prime of the form 4n + 3, from Theorem 2.8 we deduce the following congruence 11, 19 (mod 20) . If p is a prime greater than 5, we conjecture that , 9, 11, 13, 17, 19 (mod 20 
(ii) If p ≡ 5 (mod 12), then
If p ≡ 2 (mod 3), then S = p−1 x=0
with A ≡ 1 (mod 3) and B ≡ 0, 1 (mod 3), applying (2.8), (2.9) and (2.12) we see that 
Proof. For a, c ∈ {0, 1, . . . , m−1} and i ∈ {1, 2, . . . , r} let a i , c i ∈ {0, 1, . . . , p
r).
Thus c ∈ S m (f (x)) ⇐⇒ c i ∈ S p α i i (f (x)) (i = 1, 2, . . . ,
Now applying the Chinese Remainder Theorem we see that
This proves the theorem. Lemma 3.1 can be deduced from Hensel's lemma. See [HW, Theorem 123, and [R, Theorem 4.14] . Proof. Let p be an odd prime and let α ≥ 2 be a positive integer. We assert that . Now combining this with Theorem 3.1 gives the result.
